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We study Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction, in zigzag bilayer phosphorene
nanoribbons (ZBLPNRs) under a perpendicular electric field. We evaluate the spatial and electric
field dependency of static spin susceptibility in real space in various configurations of magnetic impu-
rities at zero temperature. The electronic properties of ZBLPNR in the presence of a gate voltage is
also obtained. In comparison to the other two-dimensional (2D) materials such as graphene, silicene
and etc, ZBLPNR has two nearly degenerated quasiflat edge modes at the Fermi level, isolated from
the bulk states. The band gap modulation of ZBLPNRs by the ribbon width and perpendicular
electric field is investigated. Due to the existence of these quasiflat bands at the Fermi level, in the
absence of the electric field, a sharp peak in the RKKY interaction is seen. As shown, the signatures
of these unique quasiflat edge modes in ZBLPNRs could be explored by using the RKKY interaction.
In the presence of a large bias potential a beating pattern of the RKKY oscillations occurs for when
two magnetic impurities located inside the ZBLPNR. The electrically tunable RKKY interaction
of ZBLPNRs is expected to have important consequences on the spintronic application of biased
ZBLPNR.
I. INTRODUCTION
Black phosphorus (BP) monolayer, called phospho-
rene, has emerged as a promising material in the field
of optoelectronics and magnetoelectronics of 2D systems
[1–7]. Phosphorene has a puckered honeycomb structure
due to the sp3 hybridization [5, 8–13]. Its conventional
unit cell, consists of 4 atoms with the lattice constants
ax = 3.3 A˚ and ay = 4.63 A˚ in x (zigzag) and y
(armchair) directions, respectively. Structural anisotropy
of phosphorene makes its thermal, electrical and optical
properties [2, 13–15], a high degree of anisotropy. Charge
carriers in phosphorene exhibit exceptionally high car-
rier mobilities at room temperature ∼ 1000 cm2 V−1
s−1 [1, 2] which exhibits a strongly anisotropic behav-
ior in the phosphorene-based field effect transistor with
a high on/off ratio, ∼ 104 [2]. Moreover, by changing the
number of layers and applying strain and external field,
the direct bandgap of BP multilayer systems can be var-
ied, spanning the losing gap between graphene and other
2D materials [2, 15–19]. As the layer number strongly
affects the physical properties of 2D black phosphorus
multilayers, it is of both fundamental and practical inter-
est to study the effect of the interlayer coupling on these
physical properties. In this regard, bilayer phosphorene
(BLP) is an appropriate candidate that can provide basic
information on this coupling effect.
In the last decade, dilute semiconductors have emerged
as a research hotspot due to their unique and new func-
tionalities. In this regard, utilizing phosphorene may be
lead to next generation of spintronic devices based on the
spin degrees of freedom [20, 21].
Nonmagnetic nature of the pristine semiconductor
phosphorene limits its applications in the field of magne-
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toelectronics and spintronics. Phosphorene can be mag-
netized in several ways such as doping with non-magnetic
adatoms [22–24], edge cutting [25–29], and inserting
atomic defects and vacancies on phosphorene[21, 30, 31].
Phosphorene nanoribbons with bare zigzag edges are an-
tiferromagnetic semiconductors [26]. This magnetization
also opens a significant direct band gap (about 0.7 eV),
which transforms the metallic PNRs into semiconductors
ones.
Most effective approach to induce magnetization with
large Curie temperature is the adsorption or substi-
tutional doping of 3d transition-metal atoms on phos-
phorene [32–36]. As the transition-metal atoms inter-
act much stronger with phosphorene, compared to the
other two dimensional materials such as graphene, it be-
comes more probable to turn the pristine phosphorene
into a ferromagnetic or antiferromagnetic material [34].
Strength of these created magnetic moments depends on
the metal species and the result can be tuned by the
applied strain [35–39].
Ruderman-Kittel-Kasuya-Yosida (RKKY) exchange
interaction [40–42], a fundamental interaction for spin-
tronic applications, is mediated by a background of con-
duction electrons of the host material. It is the most
important mechanism of the coupling between magnetic
impurity dopants in metals and semiconductors. As
an applied point of view, this interaction can lead a
magnetically doped system to interesting phases such as
ferromagnetic [43–48], antiferromagnetic [49, 50], spiral
[51, 52] and spin-glass [53–55]. Besides the practical im-
portance of the RKKY interaction in the possible mag-
netic phases of semiconductor, it can provide information
about the intrinsic properties of the material since this
coupling is proportional to the spin susceptibility of the
host system. While this interaction falls off by R−D,
where D is the dimension of the system [56, 57], it os-
cillates with the Fermi wavevector originates from the
Friedel oscillations. In systems with multiband struc-
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2ture [57] or with spin polarization [58], these oscillations
become more complicated than a monotonic oscillation
with sin(2kFR) behavior, where kF is the wave vector of
the electrons (holes) at the Fermi level and R is the dis-
tance of two magnetic impurities. Moreover, it has been
shown that the magnitude of the RKKY interaction can
be severely affected by the density of states (DOS) at the
Fermi energy [52, 56]. In addition, it can be sensitive to
the direction of the distance vector between impurities
in materials such as graphene [56, 59] owing to the bi-
partite nature of the honeycomb sublattice. In materials
with Rashba spin-orbit coupling, the spin response of the
system to the magnetic impurity depends on the direc-
tion of the magnetic moment [60] and as the result the
RKKY interaction becomes anisotropic [52].
RKKY interactions in nanoribbon of two dimensional
lattices has attracted strong attention in condensed mat-
ter physics [51, 61–63]. Recently, in a detailed study it
has shown that the topological phase transition in the
zigzag silicene nanoribbon can be probed by using the
RKKY interaction [51]. In another work, it has con-
cluded that the RKKY interaction in the bulk phospho-
rene monolayer is highly anisotropic and the magnetic
ground-state of two magnetic adatoms can be tuned by
changing the spatial configuration of impurities as well
as the chemical potential varying [62]. Duan et.al also
study the effect of strain on the magnetic impurity in-
teractions in phosphorene [63]. Very recently, the effect
of tensile strain on the RKKY interaction in the biased
monolayer phosphorene nanoribbon is studied, numeri-
cally [64]. They showed how one could isolate the edge
state from that of the bulk contribution using the RKKY
interaction, by tuning the external gate potential. In
this paper, we present the Green’s function technique for
derivation of RKKY interaction in a biased bilayer phos-
phorene nanoribbon. Also, we show that by changing
the perpendicular electric field due to the band structure
changing one can drastically change the interaction be-
tween impurities, which can be a great way to control
magnetic properties by electric field.
This paper is organized as follows. In Sec. II, we in-
troduce a tight-binding model Hamiltonian for biased bi-
layer phosphorene and then calculate the band spectrum
of ZBLPNR under the vertical electric field. Here we
introduce the theoretical framework which will be used
in calculating the RKKY interaction from the real space
Greens function. In Sec. III, we discuss our numerical
results for the proposed magnetic doped ZBLPNR in the
presence of a perpendicular electric field. Finally, our
conclusions are summarized in Sec. IV.
II. THEORY AND MODEL
As the Bernal stacking configuration of two phospho-
rene layers, coupled via the van der Waals interaction, is
energetically most stable form of the bilayer phosphorene
[68, 69], we consider an AB stacked ZBLPNR as shown
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FIG. 1. (Color online) Sketch of the side view (left) and
top view (right) of the two dimensional lattice structure of
zigzag bilayer black phosphorus nanoribbon with N = 16, in
the presence of a perpendicular electric field ~E. Blue and
red circles correspond to atoms located in the bottom and
top layers, respectively. The relevant hopping terms con-
sidered in Hamiltonian 1 are two in-plane hopping terms
(t1 = −1.21 eV, t2 = 3.18 eV ) and a t3 = 0.22 eV inter-
layer term. The orange rectangle represents the unit cell of
bilayer phosphorene with the lattice constants ax and ay and
the dashed rectangle denotes the unit cell (u.c.) in the calcu-
lation of nanoribbon.
in Fig. 1. In the presence of an uniform perpendicular
electric field, low-energy carriers in BLP are described by
the following tight-binding(TB) Hamiltonian [64–66]:
H =
∑
i
Vic
†
i ci +
∑
i 6=j
t
‖
ijc
†
i cj +
∑
i 6=j
t⊥ijc
†
i cj , (1)
where the summation runs over all lattice sites of the
system. c†i (cj) is the creation (annihilation) operator of
an electron at site i (j), Vi is the on-site energy at site i
and t
‖
ij (t
⊥
ij) is the intralayer (interlayer) hopping energy
between sites i and j. The relevant hopping parame-
ters considered by Li et.al [64], are two in-plane hopping
terms (t1 = −1.21 eV, t2 = 3.18 eV ) and a t3 = 0.22 eV
interlayer term. In the presence of a perpendicular elec-
tric field, the four atomic sublayers in BLP will earn
different on-site electrostatic potentials in the form of
V1 = (1/2 + )V , V2 = (1/2 − )V , V3 = (−1/2 + )V ,
and V4 = (−1/2−)V , where V = eEd is the electrostatic
potential energy difference between the top and bottom
phosphorene layers, with e the elementary charge, E the
electric field strength, d the interlayer separation, and
 = 0.202 is a linear scaling factor that accounts for the
sublayer dependence of the on-site electrostatic potential
[67].
The geometry of a ZBLPNR with zigzag edges is illus-
trated in Fig.1. Its conventional unit cell, consists of 8
atoms with the lattice constants ax and ay in x (zigzag)
and y (armchair) directions, respectively exactly equal
to the monolayer phosphorene lattice constants. Here,
the unit cell used in the tight-binding calculations of the
ZBLPNR (dashed rectangle), containing N atoms, is also
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FIG. 2. (Color online) Energy bands for a ZBLPNR of
N = 24 with periodic boundary conditions in one direction
(x) for several values of external electric potential V , in which
kx is the wave vector parallel to the zigzag direction.
indicated. The respective unit cell width is ax. For sim-
plicity, as shown in this figure each atom labeled with a
set (m,n), which m,n represent the x and y coordinates
of the lattice points. In our analysis, we consider the
two magnetic impurities located at (m1, n1) and (m2, n2)
sites of the nanoribbon (following the notations of Fig.1).
In this ribbon geometry, it is easy to find the energy dis-
persion with the periodic boundary condition along the
ribbon’s zigzag edge in the x−direction. Owing to the
translational invariant along the ribbon edges (x), the
momentum in the x−direction is a good quantum num-
ber. To study the band structure properties provided by
our tight-binding model, we find its k−space forms as∑
k ψ
†
kHkψk. Applying Blochs theorem, performing the
Fourier transformation along the x−direction, the Hamil-
tonian in k−space can be written as
Hk = HAA +HBB +HABe
−ikxax +H†ABe
ikxax (2)
in which ax is the lattice constant along the zigzag direc-
tion. Moreover, HAA and HBB describe coupling matrix
within the principal unit cells (intralayer), with odd and
even indices n, respectively and HAB denotes the effec-
tive coupling between two adjacent unit cells (interlayer),
based on the tight-binding model given by Eq. (1).
The energy dispersion and the wavefunctions can also
be obtained by diagonalizing the Hamiltonian for the
nearest-neighbor tight-binding model. In order to cal-
culate the site-resolved local density of states (LDOS)
for the ribbon as ρi(r, E) = − 1pi Im[Gii(r, r,E)], for i-th
site. In order to do so, corresponding wave function for
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FIG. 3. (Color online) Site-resolved local densities of states
(LDOS) calculated for a ZBLPNR with M = 300, N = 24.
Top: for a bulk site with coordinate (150, 12) and bottom: for
an edge site with (150, 1). For the better clarity, the LDOS
within the energy range of −1 to 1 eV is shown in the insets.
When the applied gate voltage is zero (V = 0) the LDOS
shows a sharp peak around the zero energy corresponding to
the edge states in comparison to the bulk (see insets).
a given energy and wave vector might be first obtained.
The calculated band structures of ZPNRs are shown
in Figs.2. In similarity with ZPNR, ZBLPNRs have two
nearly degenerated quasiflat edge modes at the Fermi
level [70–74] that are entirely detached from the bulk
band. By applying the electric field the band degeneracy
breaks. The properties of edge states in ZBLPNRs are
essentially different from the other 2D zigzag nanorib-
bons. In comparison with ZBLPNR and ZPNR, in 2D
Dirac materials such as graphene and silicene, the edge
modes merge into the bulk band at the two Dirac points.
Degeneracy of these two quasi flat bands is broken by
applying a perpendicular electric field. As recently ad-
dressed by Ezawa [71], the origin of this decoupled matter
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FIG. 4. (Color online) Energy gap of bilayer phosphorene
nanoribbons with widths N = 12, 24 as a function of the
perpendicular electric potential.
of the flat edge modes is the presence of two out-of plane
zigzag chains, coupled by a relatively strong hopping pa-
rameter.
Figure 3 displays the LDOS of phosphorus atoms in
either sublattice at the edge or in the bulk. The top
panel presents the LDOS of the bulk configuration at
the site (150, 12), and the bottom one presents the edge
configuration at the site (150, 1). Similar to the ZPNR
[76], when the applied gate voltage is zero the LDOS
shows a sharp peak around the zero energy corresponding
to edge states, in comparison to the bulk.
Moreover, figure 4 shows the energy gap Eg of the
ZBLPNR as a function of the applied electric field. As
previously obtained, the energy gap increases linearly as
the applied electric field is increased [23]. The zero biased
gap decreases with increasing ribbon width and tends to
zero in the limit of very large N . The carrier-mediated
exchange coupling between the spin of itinerant electrons
and two magnetic impurities with magnetic moments S1
and S2, located respectively at r and r
′, is given by
V = −λ (S1 · s(r) + S2 · s(r′)), (3)
where s(r), s(r′) are the conduction electron spin densi-
ties at positions r and r′ and λ is the coupling between
the impurity spins and the itinerant carriers.
In the linear response regime, the interaction energy
between the two localized magnetic moments may be
written as a Heisenberg form [40–42, 75]
E(r, r′) = J(r, r′)S1 · S2, (4)
The RKKY interaction J(r, r′) is explained using the
susceptibility, the response of the charge density n to a
perturbing potential V ,
J(r, r′) =
λ2~2
4
χ(r, r′). (5)
where χ(r, r′) ≡ δn(r)/δV (r′) is the charge susceptibil-
ity for a crystal, δV (r′) is a spin-independent perturbing
potential and δn(r) is the induced charge density.
The static spin susceptibility can be written in terms
of the integral over the unperturbed Green’s function
χ(r, r′) = − 2
pi
∫ εF
−∞
dε Im[G0(r, r′, ε)G0(r′, r, ε)], (6)
where εF is the Fermi energy. The expression for the
susceptibility may be obtained by using the spectral rep-
resentation of the Green’s function
G0(r, r′, ε) =
∑
n,s
ψn,s(r)ψ
∗
n,s(r
′)
ε+ iη − εn,s , (7)
where ψn,s is the sublattice component of the unper-
turbed eigenfunction with the corresponding energy εn,s.
For a crystalline structure, n, s denotes the band index
and spin. In other words, it just denotes a complete set
of quantum states. Substituting Eq. (7) into Eq. (6), we
get the result
χ(r, r′) = − 2
pi
∫ εF
−∞
dε×∑
n,s
n′,s′
{Re [ψn,s(r)ψ∗n,s(r′)ψn′,s′(r′)ψ∗n′,s′(r)] Im [(ε+ iη − εn,s)(ε+ iη − εn′,s′)]−1
+Im [ψn,s(r)ψ
∗
n,s(r
′)ψn′,s′(r′)ψ∗n′,s′(r)] Re [(ε+ iη − εn,s)(ε+ iη − εn′,s′)]−1}. (8)
After exchanging the dummy variables n, s and n′, s′,
the imaginary part of the product of the four wave func-
tions appearing in the equation above is odd, while its
real part is even, and at the same time, both the imagi-
nary and the real parts of the product of the energy-space
Green’s function are even. By applying this property
5the second expression becomes zero. Finally, the χ(r, r′)
reads as
χ(r, r′) =
∑
n,s
n′,s′
ψn,s(r)ψ
∗
n,s(r
′)ψn′,s′(r′)ψ∗n′,s′(r) E(n, s, n′, s′),
(9)
in which
E = 2
∫ εF
−∞
dε
[δ(ε− εn′,s′)
ε− εn,s +
δ(ε− εn,s)
ε− εn′,s′
]
. (10)
To prove the above equality we use the relationship
limη→0+(x ± iη)−1 = P(1/x) ∓ ipiδ(x). The integration
over energy can be carried out next, leading to our de-
sired result
χ(r, r′)= 2
∑
n,,s
n′,s′
[
f(εn,s)− f(εn′,s′)
εn,s − εn′,s′
×ψn,s(r)ψ∗n,s(r′)ψn′,s′(r′)ψ∗n′s′(r)]. (11)
where, f(ε), is the Fermi function. This is a well-known
formula in the linear response theory that is the main
equation in this work. It is worth mentioning that under
the interchange of n, s, and n′, s′, the summand in Eq.
(11) converts to its complex conjugate, so that only the
real part survives.
III. NUMERICAL RESULTS
In this section, we present our main results for the
RKKY exchange coupling in the zigzag bilayer phospho-
rene nanoribbons presence of perpendicular electric field.
In order to do so, we evaluate static spin susceptibility
Eq. (11), in real space in various configurations of mag-
netic impurities at various bias voltages.
Figure 5 shows the spatial behavior of the RKKY in-
teraction for two impurities, (a) both sitting on the same
edge along the line n = 1 (b) both located inside the
zigzag nanoribbon (away from the edges) along the line
n = 12 for different bias voltages for a ZBLPNR with
M = 300, N = 24. As indicated, in the case of both
impurities located at an edge, in the moderate fields, the
RKKY interaction displays an oscillatory behavior in R
and decays fast with a short-ranged behavior. More in-
terestingly, by applying the electric field the RKKY inter-
action strength dramatically quenched (in the zero field
regime (V = 0), the RKKY interaction is about five or-
ders of magnitude greater). The reason for that is related
to the existence of nearly-zero-energy states at the edge
of the ZBLPNR. In the high field regime (V = 5 eV ), the
RKKY interaction shows a long-range oscillatory behav-
ior in R, because the Fermi energy crosses the bulk bands.
Similar to the ZPNR [76], the RKKY coupling attains its
maximum strength when the applied gate voltage is zero.
The contribution of the bulk states are nearly zero as the
impurities are located at the edge of the ZBLPNR.
Otherwise, when both the impurities are sited in the
interior region of the ZBLPNR, no difference in the order
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FIG. 5. (Color online) Scaled RKKY interaction as a
function of the impurities distance for the ZBLPNR with
M = 300, N = 24. (a) impurities located on the same edge
such that the first impurity fixed at the sublattice (10, 1) and
the second one is located at (m,1) where m = 11, 12, 13, ....
As in the absence of the electric potential, the strength of the
RKKY interaction is approximately five orders of magnitude
larger than the biased ZBLPNR, we show the result for V = 0
in the inset. (b) impurities located inside the ZBLPNR such
that the first impurity located on the sublattice (10, 12) and
the second one is placed at (m, 12) with m = 11, 12, 13, ... for
various electric potentials. For the better clarity, we show the
result for V = 5 eV in the inset.
of magnitude appears for different bias voltages (see fig-
ure 5(b)). In similarly with the edge configuration of the
impurities (both located on the same edge), RKKY shows
a few oscillations in R, then it decays fast with a short-
ranged behavior. More interestingly, in the presence of
a large bias potential (V = 5 eV ), a beating pattern
of oscillations of the RKKY interaction occurs for when
two magnetic impurities located inside the ZBLPNR. The
beating feature originated from the crossing the Fermi
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FIG. 6. (Color online) Scaled RKKY interaction as a
function of the impurities distance for the ZBLPNR with
M = 300, N = 24, when the first impurity is fixed at the
edge at sublattice (150, 1) and the second one is moved along
the armchair line m = 150 with coordinates (150, n), with
n = 2, 3, ...24.
energy and the bulk bands for the bulk impurities (both
moments located inside the ZBLPNR).
Figure 6 shows the spatial behavior of the RKKY
interaction for when the first impurity is fixed at the
edge at sublattice (150, 1) and the second one is moved
along the line m = 150 with coordinates (150, n), where
n = 2, 3, ...24. As in the absence of the applied bias,
(V = 0) the exchange coupling is approximately two or-
ders of magnitude greater than the case with potential
(V 6= 0), for the better clarity we multiply the values
related to the zero bias by 10−2. In the case of zero bias,
for both impurities located at an armchair chain (both
located in the same ZBLPNR unit cell), the largest cou-
pling appear when both moments is located at two coun-
terpart edge sublattices.
Figures 7(a-d) show the numerical results for the
RKKY coupling as a function of bias voltage for differ-
ent configurations of magnetic impurities. (a) when two
impurities are fixed at the same zigzag edge at (148, 1)
and (153, 1) lattice points. Turning on the electric field,
a sudden fall off in the RKKY interaction strength oc-
curs, because the zero-energy state at the edge of the
ZBLPNR is suddenly dropped. This behavior is also
seen for when both moments are located at two coun-
terpart edge sublattices (figure 7(d)) because by turning
on the electric field, the edge modes in ZBLPNR become
fully separated from the bulk. This unique nature of the
edge states in ZBLPNR allows us to probe them sep-
arately from the bulk. Numerical results for when the
first impurity is fixed at the zigzag edge at (150, 1) and
the second one located inside the ZBLPNR at (150, 12)
lattice point, is shown in figure 7(b). Figure 7(c) shows
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FIG. 7. (Color online) Scaled RKKY interaction as a func-
tion of the perpendicular electric potential for M = 300, N =
24, when (a) both impurities are fixed at the zigzag edge
at (146, 1) and (151, 1) lattice points (b) the first impurity is
fixed at the zigzag edge at (150, 1) and the second one located
inside the ZBLPNR at (150, 12) lattice point (c) both impu-
rities located inside the ZBLPNR at (146, 12) and (151, 12)
lattice points (d)impurities are fixed at the counterpart zigzag
edges at (146, 1) and (146, 24) lattice points.
the RKKY coupling for two impurities fixed inside the
ZBLPNR at (146, 12) and (151, 12) lattice points.
IV. SUMMARY
.
We study Ruderman-Kittel-Kasuya-Yosida interac-
tion, in zigzag bilayer phosphorene nanoribbons (ZBLP-
NRs) under a perpendicular electric field. For this, we
evaluate the spatial and electric field dependency of static
spin susceptibility in real space in various configurations
of magnetic impurities at zero temperature. We evaluate
this interaction from the Green’s function approach based
on the tight-binding model Hamiltonian. The electri-
cally tunable RKKY interaction of ZBPNRs is expected
to have important consequences on the spintronic ap-
plication of biased ZBLPNRs. The electronic property
of ZBLPNR in the presence of gate voltage is also ob-
tained. In comparison to the other 2D materials such
as graphene, silicene and etc, ZBLPNRs have two nearly
degenerated quasiflat edge modes at the Fermi level in a
ZBLPNR, isolated from the bulk states. A gap occurs
by applying a perpendicular electric field. As shown,
the signatures of these unique quasiflat edge modes in
ZBLPNRs could be explored by using the RKKY inter-
action. Due to the existence of the quasiflat bands at the
Fermi level, in the absence of the electric field, a sharp
peak in the RKKY interaction is seen. By varying the
width of the phosphorene ribbons, we find that the size
7effect is crucial for determining the relative importance
of the edge state.Moreover, figure 4 shows the energy gap
Eg of the ZBLPNR as a function of the applied electric
field. As previously obtained, the energy gap increases
linearly as the applied electric field is increased [23]. The
zero bias gap decreases with increasing ribbon width and
tends to zero in the limit of very large N . In the presence
of a large bias potential a beating pattern of oscillations
of the RKKY interaction occurs for when two magnetic
impurities located inside the ZBLPNR.
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